We provide a comprehensive experimental and theoretical study of incoherently coupled photorefractive spatial-soliton pairs in all three possible realizations: bright-bright, dark-dark, and dark-bright. We also show that when the total intensity of two coupled solitons is much lower than the effective dark irradiance, the coupled soliton pair is reduced to Manakov solitons. In all cases, mutual trapping of both components in the coupled soliton pair is verified by analyzing, experimentally and numerically, the beam evolution after decoupling.
INTRODUCTION
Self-trapping of light and formation of optical spatial solitons has been studied since 1964. 1 It has recently attracted considerable interest following the progress on photorefractive solitons, 2 quadratic (or (2) ) solitons, 3 and solitons in saturable nonlinear media. 4 In addition, since spatial solitons are potentially useful for all-optical switching, three-dimensional optical interconnects, 5 and waveguide applications, 6, 7 research in this field has spanned from soliton formation to solitoninduced waveguides to soliton interactions. The purpose of this paper is to provide a comprehensive study of incoherently coupled photorefractive spatial-soliton pairs.
Soliton pairing has been studied previously in the spatiotemporal domain (in Kerr media) by employing two coupled nonlinear Schrödinger equations. In particular, it has been shown that an optical pulse can propagate undistorted in a single-mode fiber as a bright soliton when it couples to a dark soliton (at a different wavelength) through cross-phase modulation [8] [9] [10] (XPM). Pairing of bright and/or dark fundamental temporal solitons corresponds to a particular set of solutions of the coupled nonlinear wave equations. [8] [9] [10] These studies were then extended to the spatial domain, where the evolution of spatial solitons in Kerr media is governed by the same set of nonlinear Schrödinger equations, similar to the spatiotemporal analogy discussed for the scalar solitons. 11 It has been shown theoretically that pairing of bright and/or dark spatial solitons of two different wavelengths can be realized in a self-focusing or defocusing Kerr-type medium through XPM, provided that the two soliton components have properly scaled relative intensities when they are superimposed. 12 Indeed, a coupled bright-dark spatial-soliton pair has been observed experimentally in a focusing Kerr medium with two beams of different colors. 13 Pairing of two spatial solitons has always been an intriguing issue among spatial-soliton interactions. Specifically, in the case of a coupled soliton pair the two beams are mutually trapped and depend on each other in such a way that each of them propagates undistorted. The presence of both components is required, since each beam alone cannot survive as a soliton if the other beam is absent. On the other hand, it is well known that a spatial soliton forms a self-induced waveguide that can guide not only the soliton beam itself but also another probe beam.
14 Extending this concept to the nonlinear case, we come to a coupled soliton pair, for which the refractiveindex modulation (or the self-induced waveguide) is created by the two pairing beams and both beams are selfguided, whereas in guiding a beam in a soliton-induced waveguide the index modulation is set only by the soliton that remains unchanged if the guided beam is removed. Thus a coupled soliton pair is in contradistinction to guiding a probe beam in a soliton-induced waveguide.
In general, two copropagating beams in a nonlinear medium are known to interact through XPM. Thus, removing one beam should affect the other since the XPM term disappears. For a coupled soliton pair, which consists of two soliton components of nearly equal amplitude, the XPM is comparable with the self-phase modulation (SPM) of each beam, and both effects play an important role in forming a coupled soliton pair. Therefore, when one beam is absent, the other cannot remain as a soliton. On the other hand, for a weak beam guided in a solitoninduced waveguide, the XPM is small enough relative to the SPM (one beam has a higher intensity than the other) that the weak beam does not greatly affect the strong beam. At the same time the weak beam is guided in the waveguide induced by the strong beam (provided that the strong beam alone can form a soliton). In this latter case, even though the weak beam by itself is not a soliton, it is guided by the strong beam through XPM. When the weak beam is removed, the strong one still remains a soliton. In fact, this is why the guided beam must be much weaker than the soliton beam itself in all experiments with Kerr spatial solitons. Because of this subtlety, the nomenclature of coupled soliton pairs or soliton pairing is in general used for the case that two beams are mutually self-trapped and coupled to form solitons simultaneously, as has been used previously. 12, 13 In this paper we present an experimental and a theoretical study of coupled photorefractive spatial-soliton pairs. Photorefractive solitons were predicted a few years ago, 2 and they have been studied extensively since then. Photorefractive solitons exhibit several interesting properties that are different from Kerr-type solitons. For instance, these solitons are stable in both transverse dimensions and can be generated even at microwatt power levels. 15 Also unique to photorefractive solitons is that a weak soliton beam can induce a waveguide that can guide in it an intense beam of a wavelength that is photorefractively less sensitive. 16 Thus far, photorefractive solitons have been observed in biased photorefractive crystals in both quasi steady state 2, 15, 17, 18 and steady state, 5, [19] [20] [21] [22] [23] [24] [25] [26] [27] in photovoltaic media [28] [29] [30] [31] [32] as well as in photorefractive semiconductors. 33 It has also been shown that even a spatially incoherent optical beam can be self-trapped by use of the photorefractive nonlinearity. 34, 35 Among these studies, of particular interest are the steady-state photorefractive solitons, which use the effect of nonuniform screening of the externally applied electric field and are thus called screening solitons. 19 When an optical beam passes through a properly biased photorefractive crystal, the refractive-index change resulting from the nonuniformly screened electric field can have a self-focusing or a defocusing effect on the beam, depending on the polarity of the applied field with respect to the crystalline axes. 5, 19, 20 Both bright [22] [23] [24] and dark [25] [26] [27] screening solitons can be obtained once the self-focusing or -defocusing effect balances diffraction. Since the first prediction 19 of screening solitons, attention has also been drawn to their induced waveguides 25, 26, 36 and their coherent and incoherent interactions. [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] There are three different initial configurations in which two one-dimensional spatial solitons can interact in the same plane: overlapping, parallel propagating, and crossing. When two coherent fundamental photorefractive screening solitons are launched close to each other (parallel propagating but not overlapping), interaction between them leads to their attraction or repulsion, depending on their initial phase difference, 45, 47, 48 similar to the interaction of two Kerr-type spatial solitons. 49 Interaction between two one-dimensional incoherent colliding screening solitons has been studied in Ref. 42 .
Here we investigate the interaction between two incoherent overlapping (copropagating) photorefractive screening solitons that leads to coupled spatial-soliton pairs. As predicted in Ref. 37 , an incoherently coupled photorefractive soliton pair can be generated if two mutually incoherent optical beams copropagate in a biased photorefractive crystal and experience the same refractive index and electro-optic coefficient. Experimentally, a possible choice is to use two beams of approximately the same wavelength and polarization that are at the same time mutually incoherent. This means that the interference pattern between these two beams must fluctuate randomly with time much faster than the response time of the photorefractive medium. The formation time of photorefractive screening solitons is roughly given by the dielectric relaxation time, die , which is longer than 1 ms in all photorefractive nonsemiconductor crystals for an optical illumination of ϳ1 W/cm 2 maximum intensity. This implies that for such two beams to form an incoherent soliton pair, their average frequencies must be different by ⌬ ӷ 1/ die Ϸ 1 kHz. If one uses both beams from the same laser source and delays them with respect to one another, then the coherence length of the laser, l c , must be much shorter than c die Ϸ 100 km (c is the speed of light in vacuum). On the other hand, each component of the soliton pair must maintain its own coherence throughout propagation, which implies that l c must be much longer than the propagation length in the nonlinear medium (approximately a few centimeters). Therefore we find it convenient to work with a multimode argon-ion laser of l c Ϸ 10 cm ͓l xtal Ӷ l c Ӷ c die ͔ and to delay the two beams by ϳ3 m with respect to each other so that they are mutually incoherent from the perspective of the nonlinear medium. Thus the two pairing beams have roughly the same wavelength. In addition, both beams are extraordinarily polarized in order to use the optimal electro-optic coefficients for soliton formation in the photorefractive crystal 5, 19, 20 (note that both beams now experience the same reflective index and electro-optic coefficient) so that the two pairing beams also have the same polarization. Because of the mutual incoherence, the two beams are now coupled merely through nonlinear intensity-driven XPM. When such two beams propagate collinearly in a biased photorefractive crystal, they can couple to form a steady-state screening-soliton pair under certain conditions. In Ref. 37 , coupled soliton-pair solutions (bright-bright, dark-dark, or dark-bright) have been found at a particular set of parameters for two beams that have identical full width at half-maximum (FWHM) but different peak intensities. As we show in the present paper, if the intensity difference between two beams is too large, they resemble a coupled soliton pair, but the two beams have a master-slave relation that is close to the case of guiding one beam by the other.
The paper is organized as follows: In Sections 2 and 3 we present a theoretical model for the study of coupled photorefractive soliton pairs and an intuitive understanding of such soliton pairs from the existence curve of the photorefractive screening solitons. The Manakov soliton limit is discussed in Section 4. In Section 5 we discuss the experimental setup and the technique used to separate and characterize the two beams from a coupled pair (despite their having the same frequency and polarization). Sections 6-8 deal with three different configurations of soliton pairing, namely, bright-bright, dark-dark, and dark-bright. Both experimental results and numerical simulations of coupled soliton propagation are presented. It is shown that, while a coupled brightbright or dark-dark photorefractive soliton pair propagates like a single fundamental bright or dark screening soliton, a dark-bright soliton pair corresponds to selfguided propagation of both beams. Furthermore, we discuss the coupling-decoupling behavior of a soliton pair (i.e., two beams can couple to form a soliton pair, but one beam alone cannot preserve the soliton behavior without the other). In Section 9 we discuss some other issues such as the stability of coupled soliton pairs. Conclusions are given in Section 10.
MODEL
For photorefractive screening solitons the theoretical model that characterizes the evolution of one-dimensional spatial solitons in biased photorefractive media is now well established 5, 19, 20 and has been tested experimentally. 24, 25 The basic equations are the Helmholtz equation for the slowly varying amplitude of the optical field and a set of the charge-transport equations that describe the photorefractive effect in a nonlinear medium. These equations reduce to a single nonlinear equation and can be extended to the case of two optical beams copropagating in a photorefractive medium. In steady state the coupled wave equations can be written as
where ⌽(x, z) and ⌿(x, z) are the slowly varying amplitudes of the two optical fields, x and z are the transverse and longitudinal coordinates, respectively, k ϭ 2n b /, n b is the unperturbed index of refraction, and is the free-space wavelength. ⌬n(E sc ) is the change in the refractive index, which is driven by the space-charge field E sc (x, z) through the electro-optic effect
In writing Eqs. (1) and (2), we assume that the two beams copropagate in the z direction with the same wavelength and the same polarization. When the photorefractive crystal is strontium barium niobate (SBN), the most favorable configuration for soliton formation is when the crystalline c axis is parallel to the x direction, which is also the direction of beam polarization, and employs the large electro-optic coefficient r 33 . Under appropriate conditions the steady-state space-charge field is approximately given by 5, 19, 20 
where E 0 is the space-charge field at x → Ϯϱ, and it is approximately equal to ϮV/l, that is, the voltage V applied across the crystal of width l. I(x, z) is the total intensity of the two optical beams. I ϱ ϭ I(x → Ϯϱ) represents the total intensity far away from the center of the beams (near the crystal x boundaries), and I d is the effective dark irradiance. 5, 19, 20 (When no background beam is provided for dark illumination, I d is just the natural dark irradiance in the crystal. When a background illumination is provided and is much stronger than the natural dark irradiance, I d is roughly the intensity of the background beam). For two mutually incoherent beams the total intensity can be considered as the sum of the two Poynting fluxes, i.e., I ϭ (n e /2 0 )(͉⌽͉ 2 ϩ ͉⌿͉ 2 ), where
It is through this intensity superposition that the two beams are coupled, since the total optical intensity modifies the space-charge field through Eq. (3) and thus modifies the refractive-index of the crystal through Eq. (2). The refractive-index change induced by both beams is then experienced by each beam through Eqs. (1) .
Under appropriate normalization of
(1) can be written as two coupled nonlinear equations in dimensionless variables 37 :
where
, and x 0 is an arbitrary spatial width for scaling. These are the basic equations we used in our theoretical modeling.
SOLITON SOLUTIONS AND THE EXISTENCE CURVES
In general, Eqs. (4) are not integrable, and therefore their spatially localized solutions of any kind should be found only numerically by separation of the trajectories of the corresponding stationary problem. However, because the saturable nonlinearity depends on the total intensity ratio, Eqs. (4) have a family of the solitary-wave solutions of equal width but unequal amplitudes that can be obtained from the theory of single-beam propagation in a photorefractive medium. To see this, we discuss each case individually. For the case of bright-bright soliton pairs the intensities are expected to vanish at the boundaries ( → Ϯϱ); thus we have I ϱ ϭ ϭ 0. To seek such soliton-pair solutions, we can express the normalized envelopes U and V as U ϭ r 
This equation is known to allow bright solitons when ␤ or E 0 is positive, which corresponds to a negative sign of ⌬n() for all , and a net self-focusing effect on the optical beam. The bright-soliton solutions of Eq. (5) have been discussed in great detail, 5, 19, 20 and these studies have predicted a unique relation for the soliton width, the applied field, and the intensity ratio I 0 /I d , i.e., the ratio of the peak soliton intensity to the sum of the natural dark irradiance and the uniform background illumination. This relation constitutes the soliton existence curve shown in Fig. 1(a) , where we plot the soliton width in normalized units ⌬ ϭ ⌬xkn e (r 33 V/l) 1/2 (⌬x is the soliton FWHM in actual units) as a function of the square root of the peak intensity ratio. The existence curve for bright solitons has been verified in several experiments. 24, 39, 45 In our case of coupled soliton pairs the two components can be considered as the projections of the fundamental brightsoliton envelope. We note that these are only the simplest type of solutions in which ͉U͉ 2 and ͉V͉ 2 have the same functional dependence on .
Dark-dark soliton pairs can be analyzed in a similar way. A one-dimensional dark spatial soliton is a dark notch resulting from an antisymmetric field profile that remains invariant while propagating in a nonlinear medium. Thus I ϱ and are now nonzero quantities [ ϭ I ϱ /I d , and I ϱ ϭ I( → Ϯϱ) is the peak intensity for dark beams]. The envelopes of the two dark (notchbearing) beams can then be expressed as U ϭ 1/2 y() ϫ cos exp(i ) and Vϭ 1/2 y()sin exp(i), where ͉y()͉ р 1. Equations (4) now become
This equation is known to allow dark solitons when ␤ or E 0 is negative, which corresponds to a positive sign of ⌬n() for all , and a net self-defocusing effect on the notch-bearing optical beams. The dark-soliton solutions of Eq. (6) have been studied extensively, 5, 19, 20 and the soliton existence curve for dark solitons has been found [see Fig. 1(b) ] to be quite different from the one for bright solitons in the high-intensity regime (I ϱ /I d ӷ 1). The existence curve has also been verified experimentally. 25 Again, the two components of a dark-dark pair can be simply obtained through a projection.
Intuitively, one can understand coupled soliton pairs from the photorefractive soliton existence curves of Fig. 1 . As observed in many experiments, [23] [24] [25] [26] [27] 39 a large deviation of the experimental parameters from a soliton existence curve proves unfavorable for soliton propagation. For instance, an optical beam diffracts if the applied voltage is not high enough (at a particular intensity ratio), and it is distorted by instabilities 24, 39 or, for a broad input dark notch, breaks up into multiple filaments 26, 27 if the voltage is too high. Both the applied voltage and the intensity ratio control the nonlinearity, as seen from Eqs.
(2) and (3). For the case of a bright-bright soliton pair, two mutually incoherent beams of the same size can form a coupled soliton pair as long as their combined intensity ratio and width match the curve of Fig. 1(a) . However, once they are decoupled (i.e., one beam is blocked), each beam alone cannot remain as a soliton under the same experimental conditions. For instance, if the coupled soliton pair is formed from two identical bright beams at certain bias field and intensity ratio that corresponds to point A on the existence curve of Fig. 1(a) , blocking one beam shifts the operating point to B since now the intensity ratio is reduced by half. This in turn entails a large deviation from the curve, and thus each component by itself can no longer behave like a soliton. In fact, the nonlinearity becomes too high for self-trapping of a single beam at this bias field, which may lead to beam breakup into filaments. A bright soliton can be retrieved either by decreasing the bias field that moves the operating point to C or by readjusting the intensity ratio that moves the operating point to A or D.
Similarly, a dark-dark photorefractive soliton pair can be obtained, provided that their total intensity ratio and normalized width match the curve of Fig. 1(b) . Because the existence curve for dark solitons is different from that for bright, the behavior of each beam after decoupling is also different. If a coupled dark-dark pair is formed in the region of low intensity ratio, e.g., at point A on the curve of Fig. 1(b) (I ϱ /I d р 10), blocking one beam shifts the operating point to B as the intensity ratio is reduced. Now a large deviation from the curve leads to diffraction of the dark notch (rather than breakup), since the nonlinearity is not high enough at this bias field for each beam to form a dark soliton, unless the bias is increased to match point C. However, if a coupled pair is formed in the region of high intensity ratio, say, at point E on the curve of Fig. 1(b) (I ϱ /I d ӷ 1), blocking one beam shifts the operating point to F, which still roughly matches the curve, because the existence curve is practically flat for I ϱ ӷ I d , and reducing I ϱ by half does not change ⌬. In this case, no significant change is expected when a darkdark soliton pair is decoupled. Thus for dark-dark pairs, significant difference after decoupling is only expected for I ϱ /I d well below 10.
Finally, a dark-bright soliton pair solution can also be obtained from the coupled equations [Eqs. (4) ] under proper conditions. 37 When the peak intensity of a bright beam I 0 and that of a dark beam I ϱ are comparable but not equal, the combined intensity pattern can be of a bright peak (when I 0 Ͼ I ϱ ) or a dark notch (when I 0 Ͻ I ϱ ) in the center of the beam; thus it is equivalent to either a bright or a dark beam that will require different polarity of the bias field for soliton formation. Interestingly, a stable dark-bright photorefractive pair can be realized only with a self-defocusing nonlinearity when the combined intensity pattern is of a dark notch, i.e., when I 0 Ͻ I ϱ . This dark notch can be self-trapped at an appropriate negative bias, similar to ordinary dark (or gray) photorefractive screening solitons. When the bright component is blocked, the effective intensity ratio is increased. 41 As a result, the nonlinearity is too high to support a fundamental dark soliton of the same width. If the applied field is not adjusted accordingly, the dark notch evolves into multiple dark solitons when the input notch is broad enough or breaks up owing to transverse instabilities if the input notch is too narrow. 27 From Fig.  1(b) , this corresponds to moving point A somewhere to the right, and thus, in contradistinction to the dark-dark case, it shifts above the curve and the nonlinearity becomes higher. If the total intensity exhibits a bright peak (I 0 Ͼ I ϱ ), then a positive bias is needed to create a self-guided channel for both beams. But, since a bright soliton requires a self-focusing nonlinearity, 5 the bias field leads to modulation instability of the broad background associated with the dark beam. Eventually, no stable dark-bright pair with I 0 Ͼ I ϱ can form, no matter where the operating point is on Fig. 1(a) . Therefore a dark-bright photorefractive soliton pair requires I 0 Ͻ I ϱ and a self-defocusing nonlinearity.
MANAKOV SOLITON LIMIT
For the particular case of low total intensity ratio (͉U͉ 2 ϩ ͉V͉ 2 Ӷ 1) we can expand the term describing the saturable nonlinearity (as done in Ref. 5 ) and obtain the following equations:
where the normalized envelopes u(, ) and v(, ) are introduced according to the relations (U, V) ϭ (u, v) ϫ ͓͉␤͉(1 ϩ )͔ Ϫ1/2 ͕exp͓Ϫi␤ (1 ϩ ) ͔͖, and the dual sign Ϯ defines the polarity of the bias field corresponding to focusing or defocusing nonlinearity, respectively. The system of Eqs. (7) is known as the Manakov equations, and its integrability for the focusing case was estab- As has been shown recently, 51 special polarization properties of the beam propagation in semiconductor AlGaAs planar waveguides allow the TE and TM soliton polarization components of a bright-bright vector soliton to have equal width. This happens when the ratio between the SPM to XPM equals to unity, and the SPM terms must be identical for the two polarization components. The authors of Ref. 51 associated the property of the equal width of the polarization components with those of the Manakov solitons analyzed in Ref. 50 . As can be seen from the analysis presented above, the same property is valid for any kind of incoherent soliton interaction, and it is a simple consequence of the dependence of the refractive-index change on the total beam intensity.
The case of defocusing nonlinearity in the Manakov equations did not get enough attention in the past; preliminary study has been started only recently, 52, 53 and the dark-dark and dark-bright solitons and their elastic interaction, corresponding to the limit of integrable Manakov model, have been revealed. In this respect, the present paper also reports the first experimental observation of a coupled dark-dark Manakov soliton pair. For the dark-bright case the general solution of Eqs. (7) is
where the parameter a characterizes the amplitude of the bright component, 0 Ͻ a 2 Ͻ 1, provided the total background intensity is normalized to unity (a particular case of this solution was found in Ref. 37 ). As follows from this exact solution, for any a it describes only a dark notch for the total intensity profile. Because the Manakov model is exactly integrable, it allows the exact solution that describes interaction of any number of solitons. This property does not persist for larger intensity ratios (͉U͉ 2 ϩ ͉V͉ 2 ӷ 1) when the approximation by the Manakov model is not valid, and therefore some new types of generalized Manakov-like solitons are expected.
EXPERIMENTAL ARRANGEMENT
The experiments are performed with a cw argon-ion laser and a photorefractive SBN crystal (Fig. 2) . The laser beam is collimated and split by a polarizing beam splitter. The ordinarily polarized beam is used as the uniform background illumination so as to mimic the dark irradiance, 22, 24, 25 whereas the extraordinarily polarized beam is split into two soliton-forming beams. We make these two beams mutually incoherent at the input face of the crystal by having their optical path difference greatly exceed the coherence length of the laser. Thus no stationary interference gratings can form within a time scale comparable with the response time of the crystal, as discussed in Section 1. For the bright-bright pair experiments the two bright beams are cylindrically focused (narrow in x and almost uniform in y, which define the transverse plane) onto the crystal input face and are superimposed on each other so that they propagate collinearly through the crystal along the longitudinal direction z. For the dark-dark pair experiments each beam falls on a /4 step mirror, which generates upon reflection a narrow dark notch in each beam. 25 The dark notches are then imaged onto the input face of the crystal, with each dark (notch-bearing) beam covering the entire input face of the crystal to ensure steady-state soliton formation. 19, 25, 27 We vary the width (FWHM) of each beam at the input face of the crystal by using different magnifications of the imaging system and/or by adjusting the variable slit positioned in the central focal plane of the imaging lens. We perform experiments on darkbright pairs by replacing one of the dark beams by a bright beam and superimposing the bright beam onto the dark notch. In each case, we generate one-dimensional screening solitons by applying an appropriate (in terms of magnitude and polarity) dc field parallel to the crystalline c axis. The input-output beams from the crystal are monitored by a CCD camera.
Since the two collinear beams have roughly the same and polarization, it is difficult to distinguish them by use of a filter or a polarizer. However, since the spacecharge field builds up (or decays) with a response time determined by the dielectric relaxation time die (typically a few seconds in our experiments at a beam intensity of ϳ100 mW/cm 2 ), a photorefractive soliton and its induced waveguide, once formed, has a memory time of a few seconds. Thus we identify each beam at the coupled output by blocking one beam with a mechanical shutter and sampling the other within a time interval much shorter than die . This permits viewing of each soliton beam separately although the two beams share roughly the same frequency and polarization, as the refractive-index modulation (or the soliton-induced waveguide) created by both soliton beams remains unaffected by the rapid change in the intensity within such a short time interval.
BRIGHT-BRIGHT PAIRS
The experiments with bright-bright soliton pairs are performed in a 5-mm-long Co-doped SBN:61 crystal. Two bright beams are made to have nearly the same input size (FWHM: 9 m, Ϯ1m) and nearly the same peak intensity of ϳ120 mW/cm 2 . Without the external field each beam diffracts to ϳ52 m after 5-mm propagation. When both beams are on, the peak intensity ratio I 0 /I d (the ratio between the total peak intensity of the two bright beams and the intensity of the background beam for dark illumination, as defined above) is measured to be 84 with ϳ20% error. The error is because the beams are not exactly uniform in y; i.e., they are cylindrically focused Gaussian beams rather than ideal one-dimensional beams. By applying a positive voltage of V ϭ 2150 V between l ϭ 4.5 mm, the output beams are trapped to form a steady-state coupled bright-bright soliton pair. Typical experimental results are presented in Fig. 3 , where photographs are taken at the input and output faces of the crystal to show input beams [ Fig. 3(a) ], output beams of normal diffraction [ Fig. 3(b) ], and output beams of a coupled soliton pair [ Fig. 3(c) ]. The photographs of Fig.  3(c) are taken from each beam immediately (less than 0.1 s) after its pairing beam is turned off. We observe that both beams are trapped to their initial input size. The coupled soliton pair corresponds to point A on the soliton existence curve of Fig. 1(a) . When the two beams are decoupled, i.e., when one of the two beams is blocked long enough (t ӷ die ) for the crystal to reach a new steady state, while no other experimental condition is changed, the remaining beam can no longer preserve its soliton properties. Instead, it is severely distorted in the transverse plane because of transverse modulation instability 24 ; meanwhile, it exhibits strong self-bending 23, 54 toward the crystalline c axis (the latter feature is attributed to the enhanced effect of the diffusion field at high bias 55 ). Eventually, the beam breaks up. Figure 3(d) shows the photographs of each beam taken after its pairing beam is blocked for a time (5 min), much longer than the crystal response time. Although each beam is still focused to a certain degree, it is no longer a soliton, as each beam is highly distorted by transverse instability. From the soliton existence curve of Fig. 1(a) , the transition from a coupled pair to the case of one beam alone shifts the operating point from A to B. This implies that the applied voltage of 2150 V is too high for the remaining beam to form a soliton on its own. However, by readjustment of the applied voltage down to 1200 V (without a change in its intensity), each beam alone can then be trapped to form a fundamental soliton. This corresponds to point C in Fig. 1(a) .
Numerical simulations are performed to compare with the above experimental observations. The two coupled evolution equations [Eqs. (4) ] are solved by beam propagation methods. For simplicity, beam self-bending effects 54, 55 are neglected in all our simulations in this paper. (Self-bending was included in our numerical simulations in a previous paper on bright-bright soliton pairs. 39 ) The parameters used correspond to those of the experiments: the input FWHM of each beam is 9.9 m, the positive trapping voltage is 2150 V (over 4.5 mm), and the total intensity ratio is 84, where the two input beams are of equal intensity. The r 33 electro-optic coefficient of the SBN crystal is 280 pm/V, as measured from experiments. Figure 4 (a) depicts each component of such a soliton pair under these conditions. The pair propagates smoothly with a constant shape. When one of the beams is turned off (for the same voltage), each beam does not maintain a constant width while propagating; instead, it experiences considerable oscillation in its width, as illustrated in Fig. 4(b) .
We also studied the case that the two bright beams are not identical, e.g., they are different in intensity and/or size. When two beams are of different sizes but with the same intensity, they can still exhibit mutual self-trapping. 39 When the two beams are of different intensities such that one beam is much stronger than the other, they resemble a coupled soliton pair. However, the two beams have a master-slave relation: The weak beam is guided (slaved) in the waveguide dominated (mastered) by the strong beam, as is further discussed in Section 9.
DARK-DARK PAIRS
The experiments with dark-dark pairs are performed in a 11.7-mm-long undoped SBN:61 crystal. The r 33 measured for this crystal is ϳ247 pm/V. As discussed above on the existence curve for dark solitons [ Fig. 1(b) ], blocking one beam reduces the total intensity ratio and moves the operating point to the left and below the curve. Thus we should see the diffraction of the dark notch since the nonlinearity is now insufficient to balance diffraction. However, the diffraction of a dark notch (borne on a broad background beam) is smaller than that of a cylindrically focused Gaussian beam of the same size. 27 Therefore we use a longer crystal for observing the decoupling behavior of a dark-dark soliton pair. Two dark notches are now made to have roughly the same input size (FWHM: 16 m, Ϯ1 m), borne on two broad beams of nearly the same average intensity. The two dark notches overlap and propagate collinearly through the crystal. Without the external field, each notch diffracts to ϳ36 m. Since the combined intensity pattern is of a deeper dark notch (same FWHM, double intensity of the bearing beam), a negative bias is required to turn the medium into a selfdefocusing type for dark-soliton formation.
Indeed, as we set the total intensity of the dark beams less than, or comparable with, the effective dark irradiance (i.e., I ϱ /I d р 1, in the region of low intensity ratio), we observe that the two beams are coupled to form a dark-dark screening soliton pair by applying a negative voltage. Typical experimental results are presented in Fig. 5 . At I ϱ /I d ϭ 0.8 and V ϭ Ϫ420 V (applied between l ϭ 5.3 mm), the FWHM of each dark soliton is ϳ14 m. Again, the photographs of Fig. 5(c) are taken from each beam immediately after its pairing beam is turned off, and those of Fig. 5(d) are taken after the pairing beam is blocked and a new steady state is reached. When both beams are on, they couple to form a soliton pair. However, when one of them is turned off, the other cannot be sustained as a dark soliton, and it broadens to ϳ24 m. From Fig. 1(b) the decoupling of the coupled soliton pair corresponds to a transition of the operating point from A to B. This implies that the applied voltage is not high enough for the remaining beam to form a dark soliton on its own. Experimentally, we cannot retrieve the dark soliton just by increasing the applied voltage to match point C because of the strong transverse modulation of the dark beam at high bias field. Numerical simulations by beam propagation methods for coupling-decoupling of a dark-dark soliton pair are presented in Fig. 6 , where Fig. 6 (a) depicts each dark component from a coupled soliton pair, Fig. 6(c) shows the same component after the pairing component is removed, and Fig. 6(c) is the input (solid curve) and output (dashed curve) intensity profiles corresponding to Fig. 6(b) . The parameters used for these figures are as follows: the FWHM of each dark notch is 16 m (which diffracts to 38 m after propagating through the crystal), the negative trapping voltage is Ϫ199.3 V (over 5.3 mm), and the total intensity ratio is I ϱ /I d ϭ 0.8, where the two input beams are of equal intensity. When one of the dark beams is turned off (for the same other parameters), each beam does not maintain a constant width while propagating. Instead, it diffracts to 21 m, as illustrated in Fig. 6(b) and Fig. 6(c) . These results agree well with experimental results of Fig. 5 . We note that in our experiment with a coupled dark-dark soliton pair, the bias field used is somewhat higher than that predicted from theory. We attribute this to two reasons: One is the residual grayness in the dark solitons. Because the step mirrors used in experiments do not provide an ideal phase jump in the wave fronts of the dark beams, dark solitons are formed with some grayness. The other reason is partial guidance of the background beam under the dark soliton, i.e., guidance by the waveguide induced by the soliton. This latter effect modulates the background illumination locally so that it is no longer uniform, as assumed in the theory. 5, 19, 20 As expected, the decoupling behavior becomes less pronounced as we reduce (or eliminate) the background illumination and work in the region of high intensity ratio (I ϱ /I d ӷ 1). When we set the total intensity of the dark beams much higher than the effective dark irradiance (e.g., remove the background illumination and use the natural dark irradiance in the crystal, thus I ϱ ӷ I d ), we observe that two beams couple to a dark-dark soliton pair by applying a lower voltage (in accordance with the existence curve for dark solitons), but we cannot observe any change on either one of the beams after its mate is blocked. From the soliton existence curve of Fig. 1(b) this corresponds to moving the operating point on the far right side of the curve, which is nearly a flat line. Therefore, as one component is blocked, the remaining component still sits on the curve and forms a dark soliton. This robustness of the dark-soliton pair in the region of highintensity ratio is also found in our numerical simulations, which confirms that the coupled dark-soliton pair is not affected by the decoupling at I ϱ /I d ӷ 1.
DARK-BRIGHT PAIRS
The experiments with dark-bright pairs are performed in the same crystal as used for bright-bright pairs (codoped SBN:61). The peak intensity of the dark beam (I ϱ ) is made slightly larger than that of the bright beam (I 0 ), resulting in a small dip (ϳ36-m FWHM) in the combined intensity (I ϱ /I d ϭ 1.197, I 0 /I d ϭ 1.088). The width of the dark notch is 14 m, and that of the bright beam is 11 m (Fig. 7) . In the absence of an external field, each beam diffracts while propagating through the crystal. By applying a (negative) voltage of 400 V between the two electrodes, we observe that the output beams are coupled into a steady-state fundamental dark-bright soliton pair. Two beams are monitored separately by the same method explained earlier. Figure 7 (c) shows photographs of the output dark and bright components taken immediately after the pairing beam is blocked. Again, when the two components are decoupled, each remaining beam alone cannot survive as a fundamental soliton. This is shown in Fig. 7(d) , where the photographs are taken after the pairing beam is blocked for a time much longer than the crystal response time and a single-beam steady state is established. Since the polarity of the applied voltage is not appropriate for the bright soliton, the bright beam alone diffracts and experiences self-defocusing. In the case of a dark beam alone, since the effective intensity ratio is increased and the voltage is not adjusted, the nonlinearity becomes too high to maintain the fundamental dark soliton. Instead, the dark beam evolves into a triple-soliton structure when the bright beam is absent, and all other conditions are unchanged. Interestingly enough, as we unblock the bright beam after the triple dark-soliton structure is formed (a steady-state is established), we observe first the guidance of the bright beam into the triple-channel waveguide induced by the multiple dark soliton 26 and then the time evolution and reestablishment of a single-channel coupled dark-bright soliton pair toward steady state. 41 The numerical simulations of coupled dark-bright pairs are shown in Fig. 8 . The parameters used are close to those of the experiment. The input intensity FWHM of both the bright beam and the dark notch are 14 mm. A bright-dark pair solution is found at I ϱ /I d ϭ 1.2, I 0 /I d ϭ 0.8, and a negative voltage V ϭ Ϫ400 volts (over 4.5 mm). Figure 8 depicts the intensity profiles of the bright-dark components when they propagate in the crystal as a coupled pair. When the pairing beam is absent, the bright beam self-defocuses [ Fig. 8(c) ], while the dark component evolves into a dark triplet [ Fig. 8(d) ]. This agrees very well with experimental observations.
DISCUSSION
Several issues merit further discussion. The first is the longitudinal stability properties of these photorefractive soliton pairs. Experimentally, we find that both brightbright and dark-dark pairs are stable against small perturbations such as slight displacement. These soliton pairs exhibit properties similar to those of a steady-state photorefractive screening soliton; thus they are stable just like a single steady-state bright 24 or dark 25 screening soliton. Numerically, this is investigated by beam propagation methods, and it is also found that the brightbright and dark-dark pairs are stable even if the intensity or width of one of the components is perturbed up to 20%. Figure 9 shows examples for a stable bright-bright (a) and a stable dark-dark (b) pair, where the intensity of one dark beam is perturbed by 20%. However, for the case of dark-bright pairs we find in both experiments and simulations that they are stable only for negative bias but not for positive bias. As an example, we set the peak intensity of the bright beam higher than that of the dark beam (I ϱ /I 0 Ϸ 0.8), obtaining a small peak in the total intensity, and we use a positive bias field so that it favors trapping of bright solitons. 5, 37 The two beams are unstable, and we cannot generate a coupled soliton pair by adjusting the applied voltage. Figure 10 shows a typical example for an unstable dark-bright pair obtained from experiments. Numerical simulations of this case are shown in Fig. 11 , obtained at parameters of I ϱ /I 0 ϭ 0.8 and V ϭ ϩ400 volts. In the range of positive bias fields that we used, each component of the pair suffers from modulation instability.
Transverse instability is the second issue. In all experiments described here, we observe that the coupled pairs are stable against transverse modulation instability.
Although it is commonly accepted that any (1 ϩ 1)-dimensional beams propagating in a threedimensional (bulk) medium should be transversely unstable, 56 from all our experiments with photorefractive solitons it is apparent that as long as the parameters of the beam and nonlinearity are on or close to the existence curve, the transverse modulation instability is arrested to a certain degree that it is not observed even within a propagation length of 1 cm or longer (see Fig. 5 ). However, if the parameters deviate considerably from the existence curve, transverse instabilities become dominant for either bright or dark solitons, single beams, or coupled pairs. 24, 39 In fact, this is what happens to the decoupled bright-bright soliton pair: as one component is blocked, the remaining component is severely distorted by the transverse modulation instability. Based on our observations, we conjecture that, for all (1 ϩ 1)-dimensional solitons propagating in a three-dimensional (bulk) saturable nonlinear medium, transverse instabilities are arrested when (a) the beam parameters correspond to points on the existence curve (i.e., a soliton forms), and (b) the soliton is in the saturated intensity regime. Obviously, it is very interesting to investigate theoretically and experimentally the transverse stability properties of photorefractive solitons and soliton pairs. We leave these issues for future studies.
Third, we would like to elaborate on the master-slave relation between coupled solitons. In both cases of bright-bright and dark-dark pairs we observe the master-slave relation when the intensity of one component is much higher than that of the other. For bright- bright pairs, when one beam is much stronger than the other, mutual self-trapping is observed at proper conditions. But removing the weak beam does not affect the strong beam (the strong beam alone remains to be a soliton), whereas removing the strong beam does affect the weak beam (the weak beam alone cannot remain as a soliton). Since the waveguide is mainly created by the strong beam, it cannot be sustained after the strong beam is removed, and thus the weak beam is distorted because of the high bias field. For dark-dark pairs, similar behavior is observed in the region of low intensity ratio (i.e., when the combined intensity of the two beams is lower than the effective dark irradiance); removing the weak beam does not affect the strong beam, whereas removing the strong beam causes broadening of the dark notch borne in the weak beam. In this case the refractiveindex modulation is dominated by the strong beam. Once it is removed, the weak one diffracts. Experimental results and numerical simulations of this case for a darkdark pair are shown in Fig. 12 and Fig. 13 , respectively, where the intensity of the strong beam is approximately 15 times higher than that of the weak beam. For the dark-bright case, coupled soliton pairs are obtained only when their peak intensities are nearly equal. When the bright beam is too weak compared with the dark one, we observe a master-slave relation. The bright beam is guided in the dark soliton-induced waveguide, but it does not affect the dark soliton; i.e., nothing happens to the dark soliton when the bright component is removed. This master-slave relation is directly related to the optical guiding properties of waveguides induced by screening solitons, as the weak component is guided by the waveguide induced by the strong component.
Finally, we want to point out that the observed spatial soliton pairs are actually analogous to vector solitons [57] [58] [59] involving two optical beams with orthogonal polarizations, and in particular, to the Manakov solitons 50 discussed in Section 4. It is also worth noting that all our experiments with photorefractive spatial soliton pairs are performed with low-power cw laser beams, whereas previous experiments with spatial soliton pairs 13 or Manakov spatial solitons 51 had to use high-power laser pulses.
CONCLUSION
We have presented a comprehensive experimental and theoretical study on incoherently coupled photorefractive spatial soliton pairs, including all three different realizations: bright-bright, dark-dark, and dark-bright. These soliton pairs involve two steady-state photorefractive screening solitons coupled to each other through their nonlinear intensity superposition, which can be understood intuitively from the standpoint of the soliton existence curve. We show that, in general, a coupled photorefractive soliton pair is analogous to Manakov solitons, in which both beams are mutually trapped and cannot survive as solitons after decoupling.
Our study can be further extended in several directions. First, the system of two incoherently coupled equations (4) may possess more general solutions for coupled solitary waves, e.g, those with different widths of the coupled solitons. Such localized solutions are not possible in the limit of Manakov solitons, 50 even for the case of dark-bright soliton pairs. 53 However, we expect that nonintegrability of the system may bring some new features in the structure of the incoherently coupled solitons. Second, the stability of the incoherently coupled solitons described by the system [Eqs. (4) ] is still an open problem. Finally, it is also important to study different types of interactions between the soliton coupled states. For instance, as was recently mentioned, 60 the interaction of coupled dark-bright soliton pairs can differ drastically from the interaction of uncoupled solitons.
